The shock jump conditions for the Euler equations in their primitive form are derived by using generalized functions. The shock proles for specic volume, speed, and pressure are shown to be the same, however density has a dierent shock prole. Careful study of the equations that govern the entropy shows that the inviscid entropy prole has a local maximum within the shock l a y er. We demonstrate that because of this phenomenon, the entropy propagation equation cannot be used as a conservation law.
Introduction
A consequence of the nonlinearity of the equations of motion is the steeping of compression waves into a shock w a v e. Within the shock l a y er, the gradients of velocity and temperature become large, and irreversible thermodynamic processes caused by friction and heat conduction become dominant. At high Reynolds numbers, the shock-layer thickness is of the order of several mean free paths; for all practical purposes, the shock l a y er can be represented as a mathematical abstraction that corresponds to a surface across which the ow v ariables experience a sudden jump. Away from this discontinuity surface, viscous and heat conduction eects are usually negligible and the inviscid equations of motion model the ow w ell. Remarkably the information needed to account for the nal outcome of the irreversible processes that take place within the shock l a y er is contained in the inviscid equations. The study of shock w a v es is 150 years old. The jump conditions satised by the conservation of mass and momentum were discovered by Stokes [5] in the middle of the 19th century. Stokes' excitement at making this discovery is evident in his paper: \These conclusions certainly seem suciently startling; yet a still more extraordinary result...the result, however, is so strange..." The shock jump condition associated with the conservation of energy was implicit in an investigation conducted by Rankine [7] in 1870; however a precise exposition was not made until the work of Hugoniot [5] in 1889. The increase in entropy across a shock was a more dicult concept to grasp. The leading uid dynamicists in England (Stokes, Kelvin, and Rayleigh) questioned the validity of the shock discontinuity because it violated the conservation of entropy. The correct principles were not well understood, and did not appear in their present form until around 1915. Detailed studies of the viscous shock l a y er emerged several years later with the work of Becker [1] , who solved exactly the one-dimensional equations of a real uid. In a related study, Morduchow and Libby [6] found the exact entropy distribution across the shock layer of a viscous heat-conducting gas. Morduchow and Libby observed, see Figure 1 , that the entropy, unlike the other ow v ariables that behave monotonically, increases through the shock l a y er until it reaches a maximum at the center of the layer and then decreases to its expected value on the other side of the shock. Morduchow and Libby explained this phenomenon as follows: \It may at rst sight appear that the recovery of mechanical energy on the downstream side of the center of the wave t h us indicated by this solution would violate the second law of thermodynamics... However, the second law applies to an entire system{that is, to the end points{and permits energy recovery in separate sections thereof. The negative e n tropy here might also be interpreted as physical eects that are not taken into account b y the governing equations..." Today, the shock jump conditions are obtained for the inviscid equations by casting them in their integral conservation form. A brief derivation, based on this standard procedure, is given section 2. However, the purpose of this work is to show that the shock jump conditions can be derived from the primitive dierential form of the equations. The genesis of the analysis presented here was contained in an unpublished work of Gino Moretti written in the early 1970's. The signicance of this work is primarily that it demonstrates how to obtain the shock jump conditions for equations that cannot be cast in a conservation integral. Similar work has been presented by Colombeau in reference 2. An interesting consequence of this exposition is a better understanding of why the entropy equation does not yield the proper jump.
Standard Shock Jump Analysis
The derivation of the jump conditions across a shock associated with the Euler equations is well known. See, for example reference 9. The derivation is included here so that it can be contrasted with the \nonstandard" approach i n troduced in section 3. The one-dimensional conservation laws for the inviscid ow of a perfect gas are
where is the density, p is the pressure, E is the specic total energy, H is the specic total enthalpy such that H = E + p and u is the velocity of the gas. In the standard analysis for the shock jump conditions, we weaken the usual smoothness requirements associated with the classical notion of a function by i n troducing the concept of a weak or generalized solution. Basically, the integrand of equation 1 is multiplied by a test function that is at least C 1 smooth and has compact support. Then, we i n tegrate over space and time in the neighborhood of the shock and use integration by parts to move dierentiation from the discontinuous uid variables onto the smooth test function. Thus let equation 1 be symbolically represented by (4) and similarly for D r . Because is zero on the boundary of D; the line integrals are only nonzero along the shock . Let the shock be dened by x(t) and U l be the value of U on the left of the shock; similarly, let U r be the value of U on the right side of the shock. Then by using equation 4 and the equivalent expression on the right o f , w e obtain 
These results imply that the entropy jumps across a shock. Its jump is given by
Although the entropy propagation equation can be expressed in the form of a conservation law a s Z [( S ) t + ( u S ) x ] dx = 0 (11) it cannot be used to obtain the correct entropy jump across a shock w a v e.
Nonstandard Shock Jump Analysis
The shock jump conditions can be derived without relying on the integral conservation laws. The importance of this method is threefold. First, this method provides a means for determining the jump conditions for physical laws that cannot be expressed in conservation form. Second, it will ultimately lead to an understanding of the nature of the entropy structure across an inviscid shock. Thirdly, i t m a y suggest how to derive shock-capturing algorithms with proper jumps from the nonconservation form of the Euler equations. Consider the following system of equations: v t vu x +uv x = 0 (12) u t + uu x + vp x = 0 (13) p t + up x + pu x = 0 (14) where v = 1 =: The reason for using v instead of will become clear in section 4.
We look for solutions to v;u; and p of the form 2 H 0 , which is absurd.
In conclusion, if we replace the equal sign in equation 35 with the symbol then the subsequent i n tegration is fully justied.
In another example, we present a case in which the Heaviside functions describing the shock are not equal because of their behavior at 0. Consider the mass conservation equation
If we seek a solution for of the form
then by using the same procedure above one obtains
where a is given by equation 21. Equation 43 is signicant because it shows that the microscopic behavior of the Heaviside function that describes the jump is not the same as that for p or u:
5 Entropy Structure in a Shock W a v e
As pointed out in section 2, although a \conservation law" can be written for entropy, this law does not lead to the correct jump. Although this fact is well known, the reason why is not well understood. In this section, we show that the shock prole that corresponds to the entropy cannot be represented by a Heaviside function; hence, the entropy propagation equation does not yield the correct jumps. has a maximum at the origin, which is conrmed by a study of the second derivative. As a result, we conclude that S cannot be described by a simple Heaviside function but rather by the sum of two Heaviside functions S = S l + ( S S l ) T ( ) + ( S r S ) N ( ) (54) where S is the value of S at the maximum. (See gure 3.) The gure shows clear that by using a single equation such as equation 47 for the entropy, w e cannot determine the two jumps that actually represent the structure of the entropy at the shock. A more technical proof is given in appendix B.
Conclusions
The shock jump conditions for the Euler equations in thier primitive form were derived using generalized functions. It was shown that the structure of the shock prole is not the same for all variables. A study of the entropy propagation equation showed that if the shock structure for the entropy is represesnted by a single Heaviside function, then the wrong entropy jump is obtained. It was then shown that the proper representation of the entropy prole requires two Heaviside functions, but not all the information required to specify this prole can be obtained from the entropy propagation equation. 
